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Explicit Bounds for the Solutions of Elliptic
Equations with Rational Coecients
L. HAJDUy AND T. HERENDIz
Institute of Mathematics, Kossuth Lajos University, Debrecen, Hungary
In this paper we give new, improved explicit upper bounds for the absolute values of the
integer solutions and for the heights of S-integer solutions of elliptic equations over Q .
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1. Introduction
The rst general eective bound for the integral solutions of elliptic equations was estab-
lished by Baker (1968b). In proving his result he deduced the problem to give a bound for
the integral solutions of quartic Thue equations. Then he used his eective bound for the
solutions of Thue equations (cf. Baker (1968a)) which were obtained by means of his well
known method concerning linear forms in logarithms. Baker’s bound on the solutions of
elliptic equations has been improved and generalized by several authors, see e.g. Baker
(1975); Brindza (1984); Shorey and Tijdeman (1986); Sprindzuk (1993); Bugeaud (1997).
The best known bounds for the integral solutions and S-integral solutions of elliptic equa-
tions are due to Bugeaud (1997). However, his result is valid in a more general context,
i.e. for the integral and S-integral solutions of superelliptic equations over number elds.
In its proof Bugeaud followed an approach dierent from that of Baker mentioned above.
The aim of this paper is to improve considerably the previous estimates concerning the
solutions of elliptic equations over Q. In our paper we will use an extension of Baker’s
approach to the case of S-integral solutions. Using a classical result of Mordell, we reduce
the problem of estimating the S-integral solutions to a quartic Thue{Mahler equation.
Then the use of the best known bounds, due to Bugeaud and Gy}ory (1996) and Gy}ory
(19XX), on Thue{Mahler equations enables us to derive sharper bounds for the S-integral
solutions of elliptic equations (see Theorem 2). In particular, we also give a bound for
the rational integral solutions (see Theorem 1). In contrast to the previous estimates,
our bounds are given explicitly in terms of each parameter.
Recently, Gebel et al. (1994) and Stroeker and Tzanakis (1994) elaborated ecient
algorithms for solving elliptic equations in rational integers. Our improved and completely
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explicit bounds might be useful in extending these algorithms for determining S-integral
solutions.
2. Notation
Let F (x; y) = a0x4 + 4a1x3y+ 6a2x2y2 + 4a3xy3 + a4y4 be a binary quartic form with
ai 2 Z for 0  i  4. By the invariants of F we mean the following expressions:
g2(F ) = a0a4 − 4a1a3 + 3a22 ; g3(F ) = a0a2a4 + 2a1a2a3 − a0a23 − a21a4 − a32:
The quartic covariant HF and the sextic covariant GF of F are dened by
HF (x; y) = (a21 − a0a2)x4 + (2a1a2 − 2a0a3)x3y + (−a0a4 − 2a1a3 + 3a22)x2y2
+(2a2a3 − 2a1a4)xy3 + (a23 − a2a4)y4
and
GF (x; y) = (a20a3 − 3a0a1a2 + 2a31)x6 + (a20a4 + 2a0a1a3 + 6a21a2 − 9a0a22)x5y
+(5a0a1a4 − 15a0a2a3 + 10a21a3)x4y2 + (10a21a4 − 10a0a23)x3y3
+(15a1a2a4 − 5a0a3a4 − 10a1a23)x2y4
+(−a0a24 − 2a1a3a4 − 6a2a23 + 9a22a4)xy5
+(−a1a24 + 3a2a3a4 − 2a33)y6:
It is well known (cf., e.g., Mordell, 1969, Chapter 25, Theorem 1) that
G2F (x; y) = 4H
3
F (x; y)− g2(F )HF (x; y)F 2(x; y)− g3(F )F 3(x; y):
Let f 2 Z[x] be a polynomial. By the height of f we mean the maximum of the absolute
values of the coecients of f , and we denote it by H(f). The discriminant of f will be
denoted by f .
If S = fp1; : : : ; ptg is a set of rational primes, then the rational number  is called
an S-integer, if all the prime divisors of the denominator of  belong to S. The set of
S-integers will be denoted by ZS . If in particular S = ; (i.e. t = 0), then ZS coincides
with Z.
By the height h() of a rational number  = a=b with a; b 2 Z, (a; b) = 1, we mean
max(jaj; jbj).
Throughout the paper we set log(r) = maxflog(r); 1g for r 2 R with r > 0.
3. Results
Theorem 1. Let f(x) = x3 + ax + b be a polynomial with coecients in Z and with
nonzero discriminant f . Then all solutions (x; y) 2 Z2 of the equation
y2 = x3 + ax+ b (3.1)
satisfy
maxfjxj; jyjg  expf5  1064c1 log(c1)(c1 + log(c2))g
with
c1 =
32jf j1=2(8 + 12 log(jf j))
4
3
; c2 = 104 maxf16a2; 256jf j2=3g:
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Theorem 2. Let S = fp1; : : : ; ptg be a set of rational primes, and put P = maxfp1;
: : : ; ptg. All solutions (x; y) 2 Z2S of (3.1) satisfy
max fh(x); h(y)g  expf7  1038t+86(t+ 1)20t+35P 24
(log(P ))4t+2c1(log(c1))2(c1 + 20tc1 + log(ec2))g;
where c1 and c2 are the same constants as in Theorem 1.
Remark. The formerly known best result concerning the solutions of (3.1) in Z and ZS ,
respectively, is due to Bugeaud (1997). His result is more general, that is he considered
(3.1) over a number eld K. Using the above notation, in the case K = Q his estimate
yields
h(x)  (H(f))2 expfc(t)P 108(log P )36tf 36(log f )54 log logH(f)g ;
where c(t) is an eective constant depending only on t; however, this constant is not
explicitly given in Bugeaud (1997).
We mention that if t = 0, then in some special cases the estimate of Pinter (1995)
gives a better bound than our Theorem 1.
4. Proofs of the Theorems
For the proof of Theorem 1 we need two lemmas.
Lemma 1. Let (x; y) 2 Z2 be a solution of (3.1). Then there exists a binary quartic form
F(x;y)(u; v) with rational integer coecients and with height and discriminant
H(F(x;y))  104 maxf16a2; 256jf j2=3g = E1 and F(x;y) = 46f ;
respectively, such that if the equation
F(x;y)(p; q) = 1 in p; q 2 Z
implies maxfjpj; jqjg  E2, then
maxfjxj; jyjg  70E41E102 :
Proof. This result is proved in Baker (1968b, p. 8). 2
Lemma 2. Let F (x; y) 2 Z[x; y] denote a binary quartic form with nonzero discriminant
F and with height not exceeding H. Then the solutions (x; y) 2 Z2 of the equation
jF (x; y)j = 1
satisfy
maxfjxj; jyjg  expf4  1063E3 log(E3)(E3 + log(H))g;
where
E3 = jF j1=2(3 + log(jF j)=2)4=6:
Proof. If F is irreducible over Q, then using an estimate concerning the regulator of
a number eld (see Lenstra, 1992, Lemma 6.5), Lemma 2 follows from Bugeaud and
Gy}ory (1996, Theorem 3). If F is not irreducible, then F has a factorization of the type
364
F (x; y) = F1(x; y)F2(x; y) over Z, and here maxfH(F1); H(F2)g  4
p
5H(F ). (For the
case degF1 = degF2 = 2, cf. Mignotte (1992, Chapter 7); the other case can be treated
easily.) Hence we have the following system of equations:
F1(x; y)− "1 = 0; F2(x; y)− "2 = 0; "1; "2 2 f−1; 1g:
Taking the resultant, we can obtain a much better estimate for the absolute values of x
and y than stated above, and Lemma 2 follows. 2
Proof of Theorem 1. Simply combining the estimates of Lemmas 1 and 2, we obtain
maxfjxj; jyjg  expflog(70) + 4  log(c2) + 4  1064c1 log(c1)(c1 + log(c2))g ;
and Theorem 1 follows.
To prove Theorem 2, we will use three lemmas. The following Lemma 4 in fact is
a theorem of Mordell (1914, 1969). As usual, the binary quartic forms F1(x; y) and
F2(x0; y0) with integer coecients are called equivalent, if there exist u1; u2; u3; u4 2 Z
such that x = u1x0 + u2y0, y = u3x0 + u4y0 and u1u4 − u2u3 = 1. We mention that
the above dened invariants and covariants of the quartic forms are invariant under this
equivalence (cf. Elliot, 1913).
Lemma 3. Let F(x,y) denote the binary quartic form
a0x
4 + 4a1x3y + 6a2x2y2 + 4a3xy3 + a4y4
with rational integers a0 6= 0; a1; a2; a3; a4 and with invariants g2(F ) and g3(F ). Suppose
that the discriminant F = 256((g2(F ))
3 − 27(g3(F ))2) of F is nonzero. Then there
exists a binary quartic form F 0, which is equivalent to F , with height
H(F 0)  104 maxf(g2(F ))2; jF j2=3g:
Proof. This assertion is proved in Baker (1968b, Section 2). 2
Lemma 4. Let (X;Y; Z) 2 Z3 be a solution of the equation
Y 2 = X3 −G2XZ2 −G3Z3 with G2; G3 2 Z
and suppose that gcd(X;Z) = 1. Then there exists a binary quartic form F (p; q) such
that for some p; q 2 Z we have
X = HF (p; q) ; Z = F (p; q) and 2Y = GF (p; q):
Moreover,
g2(F ) = 4G2 ; g3(F ) = 4G3 and gcd(p; q) = 1
hold.
Proof. This is Theorem 2 of Mordell (1969, p. 233). 2
Lemma 5. Let S be a set of distinct rational primes p1; : : : ; pt not exceeding P and let
F (x; y) 2 Z[x; y] be a binary quartic form with height at most H and with nonzero
discriminant F . Let b 2 Q with height at most B  e. All solutions of the Thue{Mahler
equation
F (x; y) = bpz11 : : : p
zt
t in x; y; z1; : : : ; zt 2 Z
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with gcd(x; y; p1; : : : ; pt) = 1, z1; : : : ; zt  0 satisfy
max fjxj; jyj; pz11    pztt g  expf1038t+86(t+ 1)20t+35P 24
(log(P ))4t+2E3(log(E3))2(E3 + 20tE3 + log(BH))g = C(F; S;B);
where E3 has the same meaning as in Lemma 2.
Proof. If F is irreducible over Q, then Lemma 5 follows from Theorem 4 of Bugeaud
and Gy}ory (1996). If F is not irreducible but has an irreducible factor F1 (over Q) of
degree 3, then one can again use Theorem 4 of Bugeaud and Gy}ory (1996) to get a much
better estimate. If F is reducible, and has no irreducible factor of degree 3, then the
degree of the splitting eld of F is at most 4, and by using Corollary 1 of Gy}ory (19XX)
we can obtain a better bound for the heights of the solutions than stated above, and
Lemma 5 follows. 2
Proof of Theorem 2. Let (x; y) 2 Z2S be an arbitrary solution of (3.1). We show that
there exist integers X;Y and u such that gcd(XY; u) = 1, the prime divisors of u belong
to S, and x = X=u2, y = Y=u3. Indeed, put x = X1=(u1u2), where u1 is square-free with
gcd(X1; u1u) = 1, and put y = Y1=v with gcd(Y1; v) = 1. Now we have
Y 21
u31u
6
v2
= X31 + au
2
1u
4X1 + bu31u
6: (4.1)
If p is a prime divisor of u1, then the order of p on the left-hand side of (4.1) is odd,
which is impossible by gcd(X1; u1) = 1, whence u1 = 1. Now by gcd(Y1; v) = 1 we
obtain v = u3, and we may set X = X1=u1 and Y = Y1  sgn(v=u3). Introducing the
notation Z = u2, we have
Y 2 = X3 + aXZ2 + bZ3;
where gcd(X;Z) = 1. By Lemmas 3 and 4 there exists a binary quartic form F (p; q) with
height
H(F )  104 maxf16a2; j46f j2=3g;
such that for some rational integers p; q with gcd(p; q) = 1
X = HF (p; q); Z = F (p; q) and 2Y = GF (p; q)
hold. Using Lemma 5 one can derive the following estimate
maxfu2; jpj; jqjg  C(F; S; e):
Moreover, by the denition of HF and GF we have
h(x)  18(H(F ))2(C(F; S; e))4 and h(y)  64(H(F ))3(C(F; S; e))6;
whence
h(x)  209 maxfa4; 28jf j4=3g(C(F; S; e))4;
and
h(y)  262012 maxfa6; 2122fg(C(F; S; e))6;
and Theorem 2 follows.
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